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We calculate the next-to-leading order (NLO) αs-corrections to the contributions of the conden-
sates 〈αG2〉 and 〈q¯q〉2 in the current-current correlator of the hybrid current gq¯(x)γνiF
a
µνT
aq(x)
using the external field method in Feynman gauge. After incorporating these NLO contributions
into the Laplace sum-rules, the mass of the JPC=1−+ light hybrid meson is recalculated using the
QCD sum rule approach. We find that the sum rules exhibit enhanced stability when the NLO
αs-corrections are included in the sum rule analysis, resulting in a 1
−+ light hybrid meson mass of
approximately 1.6 GeV.
I. INTRODUCTION
Soon after Quantum Chromodynamics (QCD) became established as the theory of strong interactions, the search for
mesons with exotic JPC quantum numbers was initiated. Important experimental progress has occurred in identifying
potential candidates for exotic mesons. Among these are the two JPC = 1−+ isovector states ρˆ(1405) and ρˆ(1600)
which have been identified by two collaborations in the channels ρπ, ηπ and η′π [1, 2, 3]. This gives the theorists
an opportunity to compare their results for the exotic light hybrid mesons with the experimental observations. For
instance, the widely cited mass prediction for the JPC = 1−+ state from lattice QCD lies around 1.9 GeV [4] which
disagrees with the experimental data. The decays of the 1−+ hybrid meson have also been studied in the context of
various models [5, 6], and also appear to be in disagreement with the experimental data. A possible reason for these
inconsistencies may derive from the fact that non-perturbative effects cannot be easily controlled at this low energy
scale. A further possibility is, of course, that the two new states may have been misidentified and are not hybrid
mesons after all. It is clear that further theoretical studies of the properties of the hybrid mesons are necessary before
one can be confident of their discovery.
In this paper, we concentrate on the mass prediction for the 1−+ hybrid meson using the QCD Laplace sum rule
approach [7]. Previous theoretical studies found masses in the range 1.4–2.1 GeV [8], with more recent estimates
around 1.6 GeV [9, 10]. These latter estimates are close to the ρˆ(1600) but do not accommodate the state ρˆ(1405)
as a hybrid candidate. However, the QCD sum rule analysis is not very stable, which from sum-rule studies of scalar
gluonium and the ρ meson, could be attributed to the importance of NLO corrections associated with the dimension-
four 〈αsG
2〉 and dimension-six 〈q¯q〉2 operators [11, 12]. In particular, the four-quark operator has the same dimension
as the two point correlator of the 1−+ current and its coefficient function is non-logarithmic in the leading order.
Thus the dimension-six contributions are absent in the next-to-lowest moment sum-rule, resulting in discrepancies
with the mass prediction from the zeroth moment sum rule [8]. Thus it is interesting to determine whether the
αs-corrections can reduce this discrepancy. For consistency, the αs-corrections to both the dimension-four 〈αsG
2〉
and the dimension-six 〈q¯q〉2 operators need to be included.
In this paper, we first give a brief introduction to the external field method used for our calculations. We then
present our calculations for the αs corrections to 〈q¯q〉
2 and 〈αsG
2〉. Finally, we discuss the effect of the αs-corrections
on the mass prediction for the 1−+ hybrid meson.
II. EXTERNAL FIELD METHOD
In order to obtain the contribution of the operator αsG
aµνGaµν in the Operator Product Expansion (OPE) expansion
of the relevant current-current correlator, it is convenient to use the so-called external field method introduced in Ref.
[13]. Because we will use a slightly modified version of the external field method, we give a brief introduction to this
method before carrying out our calculations. We first split the gauge field Aaµ into two parts
Aaµ = (A
a
µ)ext + a
a
µ, (1)
where (Aaµ)ext is an external (classical) field and a
a
µ is a quantum field. In the following we will suppress the label
“ext” in (Aaµ)ext for convenience. Substituting (1) in the QCD Lagrangian one obtains
L = −
1
4
F aµνF aµν + ψ¯iD/ψ (2)
2where
Fµν =
1
ig
[Dµ, Dν ] , Dµ = ∂µ + igaµ + igAµ (3)
The Lagrangian (2) is invariant under the transformation
aµ(x)→ a
′
µ = U
−1(x)(aµ(x) +Aµ(x))U(x) −Aµ(x) +
i
g
U−1(x)U(x), (4)
ψ(x)→ ψ′ = U(x)ψ(x), (5)
Aµ → A
′
µ(x) = Aµ(x) . (6)
Unlike in [13], we demand that the external field is invariant under the gauge transformation. Therefore, any gauge
condition imposed on the external field does not break the invariance under the gauge transformation (4). This is
consistent with the result given in [14], which states that the series of the OPE for a correlator of gauge invariant
currents does not depend on the choice the gauge of the external field. Furthermore, in order to fix the gauge of the
quantum field, we use the Feynman gauge
−
1
2
(∂µa
µ)2 (7)
instead of the background gauge − 1
2
(Dextµ a
µ)2 used in [13], where Dextµ = ∂µ + igAµ. This has the advantage that
it can be shown that the external method in the covariant gauge is equivalent to the plane-wave method [14]. Note
that, when the external field method is used, the background gauge very likely differs from the covariant gauge in
processes where both the radiation field and the external field are present in the initial states and (or) the final states.
In the processes where only the radiation field or the external field is present in the initial states and (or) the final
states, there is no difference between the background gauge and the covariant gauge. For instance, if there is only the
external field present in the initial and (or) final states, the radiation field is integrated out. Then the external method
in the background gauge is exactly the same as the original background gauge method [15]. The later is consistent
with the plane-wave method. If there is only the radiation field present in the initial state and (or) final state, we can
switch off the external field. Then there is no difference between the background gauge and the covariant gauge.
The Feynman rules in the Feynman gauge can be obtained quite straightforwardly. Under the infinitesimal gauge
transformation
δaaµ = −f
abcωb(acµ +A
c
µ) +
1
g
∂µω
a, (8)
one can easily derive the Lagrangian for the ghost field
Lghost = −θ
†
a[∂
2δab −
←
∂facb(acµ +A
c
µ)]θb. (9)
Then, the external field Aµ obeys the same Feynman rules as the radiation field aµ. This is also consistent with the
plane-wave method [14]. The calculational techniques using the Lagrangian (2) are similar to those in the background
gauge [15].
In order to extract the operator αsG
aµνGaµν from the OPE, the Fock-Schwinger condition is imposed on the external
field
xµAaµ(x) = 0. (10)
Then, with the aid of the technique proposed in [13], the gluon propagator in the presence of the external field can
be obtained straightforwardly. For instance, up to the term O(q−4) the gluon propagator is given by
Dµν(q, y) =
∫
eiq·xdDx 〈0|Taaµ(x)a
b
ν(y)|0〉
=
−i
q2
[
δabgµν −
3
2
Gabµν
q2
+
qρ(Gabρµqν +G
ab
ρνqµ)
q4
−
iyρ
2
(Gabρµqν +G
ab
ρνqµ)
q2
+ gµνiy
ρGabρσ
qσ
q2
]
,
(11)
where Gabµν = gf
acbGcµν and D = 4− 2ǫ is the dimension of space-time. As expected, the gluon propagator (11) differs
from the corresponding one given in [13]. Sometimes it is more convenient to do the calculation in coordinate space.
The gluon propagator in coordinate space can be obtained by using the D-dimensional Fourier transformation
Dµν(x, y) =
∫
dDq
(2π)D
e−iq·xDµν(q, y) (12)
3The necessary integration techniques in D-dimension were given in [13]. One can convert the 4-dimensional quark
propagator given in [13] to the D-dimensional quark propagator
S(x, 0) =
Γ(D
2
)
2π
D
2
x/
(x2)
D
2
−
Γ(D
2
− 1)
8π
D
2
xαG˜
αβγβγ5
(x2)
D
2
−1
. (13)
III. NLO O(αs) CORRECTIONS TO 〈G
2〉 AND 〈q¯q〉2
The two point correlator of the 1−+ hybrid current is defined as
Πµν(q
2) = i
∫
d4x eiqx〈0|T {jrenµ (x), j
ren+
ν (0)}|0〉
= (qµqν − gµνq
2)Πv(Q
2) + qµqνΠs(q
2),
(14)
where the current jµ(x) = q¯(x)T
aγνigF
a
µνq(x) carries isospin I = 1 and the invariants Πv(Q
2) and Πs(Q
2) correspond
to the contributions from 1−+ and 0++ states respectively. The renormalized current is denoted by jrenµ (x), which in
the massless quark limit, has the form
jrenµ = Zjµ, (15)
where up to the order O(αs) and in the Feynman gauge the renormalization constant Z is given by [10]
Z = 1 +
2
9
g2
π2
1
ǫ
(16)
The leading order calculation of (14) including the quark and gluon condensate contributions are contained in [8],
and the NLO corrections to the perturbative part of (14) were calculated in [9, 10]. Next we consider the NLO
corrections to the gluonic condensate 〈αsGµνG
µν〉 contributions. We divide the calculations into two parts. One part
can be obtained via the calculations of Feynman diagrams shown in Figure 1, where we do not display diagrams which
vanish in dimensional regularization or which can be obtained from diagrams a–o in Fig. 1 by symmetry arguments.
Because the expansion in term of xµ violates translation invariance, the Fig. 1 diagrams g, j, and k respectively differ
from diagrams m, n, and o. A straightforward calculation results in the structure
ΠG
2
µν (q
2) =
(
qµqν
q2
− gµν
)
αsGαβG
αβΠG
2
1 (q
2) +
(
qµqν
q2
− gµν
)
αsGρβG
β
σq
ρqσΠG
2
2 (q
2)
+
(
αsGµβG
β
ν −
qµqν
q2
αsGρβG
β
σq
ρqσ
)
ΠG
2
3 (q
2) + αsGµρGνσq
ρqσΠG
2
4 (q
2)
+
qµqν
q2
αsGαβG
αβΠG
2
5 (q
2) +
qµqν
q2
αsGρβG
β
σq
ρqσΠG
2
6 (q
2).
(17)
In order to extract 〈αsGµνG
µν〉, we need a condition for the gluonic vacuum expectation value which reads
GµνGρσ =
1
D(D − 1)
GαβG
αβ(gµρgνσ − gµσgνρ). (18)
Then, in the MS-scheme and Feynman gauge, we obtain
ΠG
2a
v (q
2) = −
1
36π
ln
(
−q2
µ2
)
〈αsG
2〉
[
16
9
αs(µ)
π
ln
(
−q2
µ2
)
−
1139
216
αs(µ)
π
]
+ infinite terms (19)
ΠG
2a
s (q
2) =
1
24π
ln
(
−q2
µ2
)
〈αsG
2〉
[
16
9
αs(µ)
π
ln
(
−q2
µ2
)
−
1459
216
αs(µ)
π
]
+ infinite terms , (20)
where 〈αG2〉 ≡ 〈αGaµνG
a µν〉. Another part of the next-to-leading order calculation of 〈αsGµνG
µν〉 results from the
renormalization of the current (15), i.e.
i
∫
d4x eiqx2(Z − 1)〈0|T {jµ(x), j
+
ν (0)}|0〉, (21)
4It reads
ΠG
2b
v (q
2) = −
1
36π
ln
(
−q2
µ2
)
〈αsG
2〉
[
−
8αs(µ)
9π
ln
(
−q2
µ2
)
+
88
27
αs(µ)
π
]
+ infinite terms (22)
ΠG
2b
s (q
2) =
1
24π
ln
(
−q2
µ2
)
〈αsG
2〉
[
−
8αs(µ)
9π
ln
(
−q2
µ2
)
+
104
27
αs(µ)
π
]
+ infinite terms, (23)
where the sum of the infinite terms in (19) and (22) is scale-independent. We did not check on the infrared convergence
of the sum of infinite terms because we used dimensional regularization. However, the sum of these two parts must be
IR convergent so that the Wilson coefficient of the condensates only depends on short-distance effects. Obviously, this
result is invariant if we use the background gauge, because all radiation fields are integrated out. We have checked
such invariance.
FIG. 1: Feynman diagrams for the αs-corrections to the condensate 〈αsG
2〉. Dots stand for the current vertices.
Similarly, by calculating the Feynman diagrams shown in Fig. 2, we obtain the next-to-leading order corrections
for the 〈q¯q〉2 contributions
Πqv(q
2) =
4π
9q2
αs(µ)〈q¯q〉
2
[(
11
72
+
1
6
nf
)
αs(µ)
π
ln
(
−q2
µ2
)
+
(
91
108
−
5
18
nf
)
αs(µ)
π
]
(24)
Πqs(q
2) = −
4π
3q2
αs(µ)〈q¯q〉
2
[(
53
72
+
1
6
nf
)
αs(µ)
π
ln
(
−q2
µ2
)
−
(
14
9
+
1
6
nf
)
αs(µ)
π
]
, (25)
where we have used the vacuum saturation approximation
〈q¯ai q
b
j q¯
a′
i′ q
b′
j′ 〉 = (
1
12
)2〈q¯q〉2(δijδi′j′δabδa′b′ − δij′δi′jδab′δa′b) . (26)
IV. MASS OF THE 1−+ HYBRID MESONS
QCD sum rules are based on the resonance plus continuum duality ansatz
1
π
ImΠv,s(s) =
∑
R
M6Rf
2
Rδ
(
s−M2R
)
+QCD continuum, (27)
where MR is the mass of the resonance R, fR denotes the coupling of the resonance to the current and we use the
narrow resonance approximation δ(s −M2R) for the resonance R. The spectral density ρv,s(s) =
1
pi
ImΠv,s(s) can be
related to the correlator Πv,s(q
2) at the scale −q2 via the standard dispersion relation
Πv,s(q
2) = (q2)n
∫ ∞
0
ds
ρv,s(s)
sn(s− q2)
+
n−1∑
k=0
ak(q
2)k, (28)
5FIG. 2: Feynman diagrams for the αs-corrections to the condensate〈q¯q〉
2. Dots stand for the current vertices.
where the ak are appropriate subtraction constants to render Eq. (28) finite. The energy variable −q
2 has to be chosen
in a region where one can incorporate the asymptotic freedom property of QCD via the operator product expansion.
The spectral function Πv,s(q
2) can be expressed as
Πv,s(q
2) =
∑
dim n
Cn(−q
2, µ)On(µ) (29)
where the scale µ separates the long-distance and short distance regime of QCD. The Wilson coefficients Cn(−q
2, µ)
for the low dimension operators were given in [8, 10] as summarized in Section 3 of this paper. Ref. [9] also introduced
a dimension two operator resulting from the resummation of the large order terms of the OPE series. However, this
method appears to be model-dependent and could result in a double counting of the contribution of the operators
considered in the present approach. We will therefore not include the dimension two term in our analysis.
Concentrating on the analysis of the vector 1−+ channel, the lowest-lying resonance in the spectral density is
enhanced by the standard approach of applying the Borel transform operator to (28) weighted by powers of q2 [7].
This results in the Laplace sum-rules
Rk (τ, s0) =
∫ s0
ske−sτρv(s)ds ; k = 0, 1, 2, . . . (30)
where the quantity Rk represents the QCD prediction, and the threshold s0 separates the contribution from higher
excited states and the QCD continuum. In the single narrow resonance scenario, the lowest-lying resonance mass can
be obtained from ratios
M2R =
Rk+1 (τ, s0)
Rk (τ, s0)
. (31)
The zero-weighted sum-rule R0 for nf = 3 can be obtained from Eqs. (19) and (22), and Refs.[8, 10], with some
results needed for calculation of the necessary Borel transforms extracted from [12].
R0 (τ, s0) =
1
240π2
α
π
(
1 +
1301
240
α
π
) s0∫
0
t2e−tτdt−
1
120π2
α
π
(
17
72
α
π
) s0∫
0
t2e−tτ ln
(
t
µ2
)
dt
+
1
36π
(
1−
145
72
α
π
)
〈αG2〉
s0∫
0
e−tτdt+
1
36π
(
16
9
α
π
)
〈αG2〉
s0∫
0
e−tτ ln
(
t
µ2
)
dt
− 〈O6〉 −
4π
9
(
1 +
1
108
α
π
)
α〈q¯q〉2 −
4π
9
(
47
72
α
π
)
α〈q¯q〉2
[
−γE − ln
(
µ2τ
)
− E1 (s0τ)
]
(32)
The quantity 〈O6〉 is defined by
〈O6〉 =
1
192π2
〈g3G3〉 −
83
1728
α
π
mq〈q¯gGq〉 . (33)
6Renormalization-group improvement of (32) is achieved by setting µ2 = 1/τ [16], and higher-weight sum-rules can be
obtained from τ derivatives of (32) before implementing renormalization-group improvement. As stated earlier, this
procedure implies that the NLO α〈q¯q〉2 correction provides the leading contribution in R1.
The various QCD parameters that will be used in the phenomenological analysis of (32) are
ΛMS ≈ 0.3GeV , αs〈q¯q〉
2 = 1.8× 10−4GeV6 , mq〈q¯q〉 = −
1
4
f2pim
2
pi (34)
〈αsG
2〉 = 0.07GeV4 , g3〈G3〉 = 1.1GeV2〈αsG
2〉 , fpi = 0.132GeV , mq〈q¯gGq〉 = 1.5GeV
2mq〈q¯q〉. (35)
The parameter 〈αsG
2〉 represents the central value in the recent determination [17], g3〈G3〉 is obtained from the
dilute instanton gas model [18], 〈q¯gGq〉 is extracted from [19], and the dimension-six condensate parameter αs〈q¯q〉
2
is referenced to the vacuum saturation value which is known to underestimate the actual value by up to a factor of 2
in the (I = 1) vector and axial vector channels [20].
Before considering a detailed analysis of the sum-rules, we consider the s0 → ∞ limit of the sum-rules which
provides the following bound on the lightest resonance mass
M2R ≤
R1 (τ,∞)
R0 (τ,∞)
, (36)
which has the advantage of being a robust bound independent of the QCD continuum model. The explicit expressions
for the sum-rules in the s0 →∞ limit are
R0 (τ,∞) =
1
240π2
α
π
(
1 +
1301
240
α
π
)
2
τ3
−
1
120π2
(α
π
)2 17
72
(3− 2γE)
1
τ3
+
1
36π
(
1−
145
72
α
π
)
〈αG2〉
1
τ
−
1
36π
16
9
α
π
〈αG2〉
γE
τ
− 〈O6〉 −
4π
9
(
1 +
1
108
α
π
)
α〈q¯q〉2 +
4π
9
(
47
72
α
π
)
α〈q¯q〉2γE
(37)
R1 (τ,∞) =
1
240π2
α
π
(
1 +
1301
240
α
π
)
6
τ4
−
1
120π2
(α
π
)2 17
72
(11− 6γE)
1
τ4
+
1
36π
(
1−
145
72
α
π
)
〈αG2〉
1
τ2
−
1
36π
16
9
α
π
〈αG2〉
1 − γE
τ2
−
4π
9
(
47
72
α
π
)
α〈q¯q〉2
1
τ
.
(38)
The effect of the NLO 〈αG2〉 and α〈q¯q〉2 corrections is illustrated in Figure 3, where it is observed that the mass
bound is increased significantly when these higher-order corrections are included. For brevity, we respectively refer
to sum-rules containing the NLO and LO 〈αG2〉 and α〈q¯q〉2 corrections as the NLO and LO sum-rules. In particular,
we see from Fig. 3 that the ρˆ(1600), excluded for the LO case, can be accommodated when the NLO corrections are
included. Furthermore, the minimum of the NLO bounds occurs at a reasonable energy (τ) scale in contrast to the
rather large energy scale occurring when only LO corrections are included.
FIG. 3: The ratio
√
R1 (τ,∞) /R0 (τ,∞) as a function of τ for the NLO (solid curve) and LO (dashed curve) sum-rules. As
discussed in the text, acceptable values of MR must lie below these curves.
The mass estimateMR is obtained by optimizing the choice of s0 such that the most stable R1/R0 ratio is obtained.
Figures 4 and 5 illustrate this ratio for selected values of s0, resulting in MR ≈ 1.6GeV and s0 ≈ 4.0GeV
2 for the
NLO case, while the LO analysis results in MR ≈ 1.3GeV and s0 ≈ 3.0GeV
2. These optimized values of MR are
consistent with the bounds established in Fig. 3, and explicitly demonstrate that the NLO condensate effects raise
the estimated value of the hybrid mass.
7FIG. 4: The NLO sum-rule ratio
√
R1 (τ, s0) /R0 (τ, s0) as a function of τ for the sequence of s0 values s0 =
{3.0, 4.0, 5.0, 6.0} GeV2. The lowest (solid) curve corresponds to s0 = 3.0GeV
2, and the upper (dashed-dotted) curve
corresponds to s0 = 6.0GeV
2.
FIG. 5: The LO sum-rule ratio
√
R1 (τ, s0) /R0 (τ, s0) as a function of τ for the sequence of s0 values s0 =
{2.0 , 3.0, 4.0, 5.0}GeV2. The lowest (solid) curve corresponds to s0 = 2.0GeV
2, and the upper (dashed-dotted) curve
corresponds to s0 = 6.0GeV
2.
The stability and self-consistency of the sum-rule analyses can be examined by using the optimized s0 and MR as
input into the following expressions resulting from the single resonance model.
e−M
2
R
τ
M2kR
Rk (τ, s0) = f
2
RM
6
R (39)
Figure 6 displays the left-hand side of (39) for the NLO k = 0, 1, 2 sum-rules. We see from Fig. 6 that a stable ratio
containing a τ critical point occurs for each value of k, and that the variation of the corresponding value of f2RM
6
R
with k is minimal. By contrast, the corresponding curves for the LO sum-rules shown in Figure 7 do not exhibit a
critical point in the same τ range associated with the Fig. 5 mass estimate, and show strong dependence on k. Thus
the NLO 〈αG2〉 and α〈q¯q〉2 corrections lead to improved stability and self-consistency in the sum-rule analysis.
The dominant uncertainties in the sum-rule analysis associated with the QCD parameters (34) and (35) are related
to ΛMS and α〈q¯q〉
2. If the pattern established in other sum-rule channels [20] is upheld for the hybrid OPE, then
α〈q¯q〉2 given in (34) underestimates the true value. Similarly, ΛMS = 300MeV is a lower bound following from
αs (Mτ ) [21]. Increasing either of these parameters increases the hybrid mass estimates, and thus it appears difficult
to accommodate the ρˆ(1400).
Finally, we have verified that the results of our analysis are essentially independent of the choice of renormalization
scale µ2 = 1/τ motivated by renormalization-group improvement in the s0 →∞ limit [16]. Choosing renormalization
scales in the energy region near the hybrid mass has a minimal effect on the sum-rule analysis.
V. SUMMARY
The (NLO) αs corrections to the 〈αsG
2〉 and α〈q¯q〉2 contributions in the two point correlator of the current
gq¯γνiG
a
µνT
aq(x) have been calculated, and the effect of these contributions on the QCD sum-rule estimates of the
8FIG. 6: The quantity M−2kR e
−M2
R
τRk (τ, s0), which in the single-resonance model corresponds to f
2
RM
6
R, is displayed as a
function of τ for the k = 0, 1, 2 NLO sum-rules. The optimized values s0 = 4.0GeV
2 and MR = 1.64GeV are used as inputs,
the lowest (solid) curve corresponds to k = 0, the intermediate (dotted) curve corresponds to k = 1, and the upper (dashed)
curve corresponds to k = 2.
FIG. 7: The quantity M−2kR e
−M2
R
τRk (τ, s0), which in the single-resonance model corresponds to f
2
RM
6
R, is displayed as a
function of τ for the k = 0, 1, 2 LO sum-rules. The optimized values s0 = 3.0GeV
2 and MR = 1.31GeV are used as inputs, the
lowest (solid) curve corresponds to k = 0, the intermediate (dotted) curve corresponds to k = 1, and the upper (dashed) curve
corresponds to k = 2.
1−+ hybrid mass have been examined. The NLO α〈q¯q〉2 corrections are particularly interesting since they provide
the leading contributions to the R1 sum-rule. The NLO 〈αsG
2〉 and α〈q¯q〉2 contributions improve the stability and
self-consistency of the sum-rule analysis, resulting in a 1−+ hybrid mass of approximately 1.6GeV. This result reflects
a lower bound devolving from the QCD input parameters, so it appears difficult to accommodate the ρˆ(1400) as a
hybrid state.
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